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1. INTRODUCTION 
Let us begin by displaying some notation and symbols that we shall 
need. 
R = the field of real numbers. 
R, = {r~Rlr>O}. 
A,,(t) = Cy= 1 ajt,/‘U, G, (t) = (ny= 1 tF)‘ls. 
M=C;=, aj, tj, ~1, E R + , j = 1, . . . . n. 
I denotes an interval in R, J denotes an interval in R, . 
In the development of the theory of inequalities, two well known 
inequalities, namely, the arithmetic-geometric (AG) inequality [3, 6, lo] 
G,,(x) d A,,(x) (1) 
and the Jensen inequality 
f(An(Y)) d i ajf(Yj)la (2) 
,=I 
(wherefis a convex function) stand with each other in the relation of cause 
and effect. In fact, (1) is identical to (2), with f(t) = exp(t) and x, =f(r,). 
It is not well known that inequality (2) can be relined in a common 
classical manner and the refinement provides extensive applications. This is 
the major purpose of this paper. 
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2. A FUNCTIONAL INEQUALITY 
We reformulate he abovementioned refinement asfollows. 
THEOREM 1. Let f be a continuous function from I to J possessing the 
property 
l.(F) <f”‘(X,)f”‘(X2) (3) 
for all x,, x2 E I, with equality when x, = x2. Then the functional inequality 
flAn(x),~( fi f”,-i,)” (4) 
j= 1 
holds for f, with equality when x, = ... =x,. Furthermore, an analogous 
result holds if the signs of inequality in(3) and (4) are reversed. 
It should be noted that I. Niven [ 12, p. 971 proved Theorem 1 with 
u,= . . . = ~1, for the cases n= 3,4 and for the general n by means of the 
convexity of In f for his purpose. 
In order to prove Theorem 1, we first employ the classical forward and 
backward induction method (e.g., see Beckenbach and Bellman [3, p. 51) 
to establish t e following. 
LEMMA. Under the hypotheses of Theorem 1, we have the functional 
inequality (4) for n = 2: 
f(A,(x)) < Cf~‘(X,)fC12(X2)I’~(a’+a*) (5) 
with equality when x1 = x2. Furthermore, an analogous result holds if the 
signs of equality in (3) and (5) are reversed. 
Proof By a use of the forward and backward induction, we simply 
replace x, and xz by (1/2)(x, +x2) and (1/2)(x,+x,), respectively, in (3). 
Then (3), together with its repetition, yields 
Proceeding in this manner, we readily establish 
f (ijg, xj) Gio, f “mu 
where m = 2’, l= 1, 2, . . This is a forward induction. 
(6) 
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To complete backward induction, we derive 
f(&yi' Xj)<mfj'fl'(mel)(.Xj) 
I=1 j=l 
(7) 
from (6). In so doing, we rearrange the right-hand side of (7) in association 
with (6) 
f(~~~,lxj)=f(~[~~:xJ+~~~,'x~]) 
m-1 
< n f”“(xj)f”” (8) 
j=l 
A simple transposition a d manipulation of (8) yields (7). Thus, 
inequality (6) is true for all positive integers m.
Setting x, = x2 = . . = x, = xi and x,~+, = . . . = x, ~, = x, = x2 in (6), 
1 ds<m, we have 
which is (5) for a, and a2 to be rational with a1 + a2 = 1. 
From the continuity assumption off, it follows that by passing to the 
limits on both sides of (9), the conclusion f the lemma is now clear. 
Now using the lemma, a usual inducation process readily establishes 
inequality (4) for a general n. Furthermore, the reversal ofinequality (4) is 
a natural consequence of the reversal inequality (3) which was revealed in 
the proof of the lemma. 
As a by-product of Theorem 1, we give a similar esult for con- 
tinuous functions of multivariables. So, let D be a convex set in 
R” = {x = (x’, . . . . xm) 1 xie R, j= 1, . . . . m}, where D may be considered to 
be a square region in R* or a cube region in R3. As usual x, =x2 means 
x{=x;,j= 1, . ..) m for xi, X~E R”. 
THEOREM 2. Let f he a continuous function from D to J possessing the 
property 
f(F) <f “‘(XI) f “*(x2), 
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where (x, +x,)/2 = ((xf + +x:)/2, . . ..(x;l+ ~:)/2), for x,, x2 ED, with 
equality when x, = x2. Then the functional inequality 
f(A,,(x)) 6 [j, f Y-x,))” 
holds for x with equality when x, = . = x,,. Furthermore, an analogous 
result holds if the signs of inequality in(3 ) and (a) are reversed. 
The proof of Theorem 2 is the same as that of Theorem 1 except for the 
obvious change of notation; so we omit its nearly duplicative detail. 
3. SOME SIMPLE THEOREMS 
Traditionally, a function f is said to be log convex (LC) on I if the 
function f satisfies (4) for all x,, x2 E I (e.g., see Carlson [S, p. 391 and 
Artin [2, p. 71 for a comparison). Consequently, every LC function satisfies 
inequality (4) and every function satisfying inequality (4) is a LC function. 
For this reason, we bring forward a definition as follows in order to 
simplify subsequent arguments. 
DEFINITION. A function f is said to be LC on an interval I (or simply 
LC), if the function f satisfies inequality (4). A function f is said to be 
reverse LC(RLC), if the sign of inequality in (4) is reversed. 
We now state five more theorems (with almost self evident proofs 
omitted) as follows. 
THEOREM 3. A function f is LC if and only if its reciprocal function l/f 
is RLC. 
THEOREM 4. Suppose that functions f and g are LC (resp. RLC). Then 
their product fg is LC (resp. RLC), while their sumf + g is LC. 
Remark. A proof off + g being LC can be found in Artin (2, p. S]. 
THEOREM 5. The limit of a sequence of LC (resp. RLC) functions is LC 
(resp. RLC). 
THEOREM 6. Let f be a positive, increasing (resp. decreasing) LC (resp. 
RLC) function and g a positive convex (resp. concave) function. Then their 
composite function f0 g is LC (resp. RLC). 
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THEOREM 7. Suppose that f(x) is a twice differentiable function. Then 
f(x) is LC (resp. RLC) if and only if the inequalities 
hold. 
f(x)>O, f(x)f”(x)-(f’(x))2>0 (resp. 60) 
Similarly, we can extend Theorems 337 to the cases of functions of 
multiple variables xcept for the corresponding change in notation. Their 
obvious details are omitted. 
4. PRIMARY APPLICATIONS 
We now apply Theorems 1 and 2 in conjunction with theorems given in 
Section 3 (if necessary) toestablish t e LC or RLC (or both) properties of
several known functions. 
4.1. Exponential functions. Functions a.‘, aE R + , x E R (especially, 
ei) are apparently LC as well as RLC. Similarly, multiple-variable real
functions, such as f(x) = a ;I, .. . . a,!$, x E R,, aj E R + , j = 1, . . . . m possess the 
same property. 
4.2. Power functions. By means of the concavity of the function 
In t, t > 0 and the monotonicity ofthe function e’, we readily have for a > 0 
( > 2$!! u >(yy ( yy2. (10) 
The sign of inequality in (10) is reversed for a < 0. Therefore power 
functions x0, x>O are RLC for a>0 and LC for a ~0. 
4.3. Trigonometric functions. Noting 
cos(x - y) 6 1 
for any x, y, inequality (11) is readily equivalent toeither 
sin”’ x sin”* yd sin x+Y ( > 2 , X,YE[IO,~) 
or 
cos 1/z x cos112 < cos (T), x, YE[o,;). 
(11) 
(12) 
(13) 
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Again using ( 11) in conjunction with 
tanxtanydl,x,yE 0,: r 1 
we establish the equivalence of 
tanIf x tan”’ y < tan x+Y ( > 2 
(14) 
and 
set x set y( 1 - tan x tan y)[ 1 - cos(x - y)] b 0. (16) 
Apparently, for x, y E [x/4,71/2), the signs of inequality in (14), (15), and 
(16) are reversed. 
Consequently, from (12), (13), and (15), it follows that sin x is RLC on 
[0, TC], cos x is RLC on [0,7(/2], and tan x is RLC on [0,7c/4] and LC 
on [7r/4,7c/2). On the other hand, csc x is LC on (0, rc), set x is LC on 
[0, 7r/2), and cot x is LC on (0, 7r/4] and RLC on [n/4. n/2]. 
4.4. Hyperbolic functions. Noting 
cosh(x - y) 3 1 (17) 
for any x, y, inequality (17) is readily equivalent o either 
sinh’12 x sinh’l’ y < sinh 4 y30 (18) 
or 
cosh1’2 x cash”’ y > cash , x, y > 0. 
Also noting 
cosh(x + y) 2 1, 
we establish the equivalence of 
4 Y > 0, 
tanh112 x tanh1j2 y Q tanh , x7 Y>O 
and 
(20) 
sech x sech y(tanh x tanh y + l)[ 1 - cosh(x - y)] < 0. 
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Consequently, from (18), (19), and (20) it follows that sinh x is RLC on 
[0, co), cash x is LC on (-cc, co), and tanh x is RLC on [0, co). On the 
other hand, csch x is LC on (0, co), sech x is RLC on (-co, IX,), and 
coth x is -LC on (0, co). 
4.5. Bilinear ational functions. A nonnegative bilinear rational 
function F is defined to be 
ax+b 
F(x) = cx+ 9 (ax + b)( cx + d) 2 0, cx + d # 0. 
A straightforward manipulation yields the equivalence of
F <F”‘(x) F;“‘(y) (21) 
and 
where 
f(x, y)=(bc-ad)[ac(x+y)+bc+ad]. (23) 
From (21) and (22), it follows that F(x) is LC if and only if (x, v) 3 0, 
while F(x) is RLC if and only iff(x, y) 6 0. 
4.6. Gamma function. The gamma function is defined (e.g., see 
Artin [2, p. 111) to be 
f(x) = iom e - tt” ~’ dt, x > 0. (24) 
Using (24) in association with the Cauchy inequality, we readily 
establish 
From (25) it follows that the gamma function f(x) is LC on H,. 
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4.7. Beta function. The beta function is defined (e.g., see Artin 
[2, p. IS]) to be 
B(x, y,=D t’ ‘(1 -t)‘-‘dt, x, y > 0. (26) 
Using (26) in association with the Cauchy inequality, we readily have 
t~,--‘(l -t)“, I]‘:2 [t\~-l(l -t)>~-.‘]1/2dt 
< B”2(~x,, yl) B’12(~x2, y2). (27) 
From (27) it follows that the beta function B(x, y) is LC on R: . 
Similarly, since the beta function of k variables (k 3 2) is defined to be 
(e.g., see Carlson [S, p. 621) 
B(x) = B(x,, . . . . x/r) 
= s 61;‘-‘,...,1;-(,I~‘(l-t,, - ... -fk ,)rimldtj,...,d,,m,, (28) 
where 
E= {(t,, .. . . tk)(tl ,..., t >O, t,+ ... +tk<l}, 
we readily establish 
B <B’/‘(x) B”‘(y), (29) 
where x, y E Rk, . 
From (29), it follows that the beta function B(x) is LC on R:. 
4.8. Laplace transform of nonnegative functions. The Laplace 
transform of a nonnegative function f(x) on R, , which associates a
function of s, denoted by q(s), is defined by (e.g., see Wylie [lS, p. 2581) 
q(s) = Iox f(t) epAr dt. 
From (30), it follows that 
q!+)=~; [f(t)e -s’r]1’2 [f(t)e~“*‘]“2dt. 
(30) 
(31) 
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Applying the Cauchy inequality on the right-hand side of (31), we have 
(32) 
Now, it is easy to see from Theorem 1 that the Laplace transforms of 
nonnegative functions, such as err’, tU, cash at, sinh at, etc., namely, 
’ (s-u)-‘, T(a+ l)s-(“+‘), (a> -1) a(~*--a’))‘, s(.r2-u2))l, etc. (e.g., 
see Korn and Korn [S, p. 9191) are LC. 
5. SECONDARY APPLICATIONS 
In the previous section, we have found many LC and RLC functions. 
The properties LC or/and RLC of those functions can be used to establish 
inequalities or to solve their related optimal problems. In so doing, let us 
begin by reexamining live trigonometric maximum problems studied by 
K. P. Williams [ 171 in 1937 (see also Bottema et al. [4, p. 201, Mitrinovic 
et al. [ 11, p. 6941). 
5.1. Williams’ problems [17, pp. 579-5831 are now stated and 
proved as follows. 
P, = sin 4 sin : sin i, 
P, = sin c( sin fl sin y, 
P, = sin c( sin p sin I, 
P, = sin 4 sin i sin y, 
P, = sin % sin $ sin $j, 
where cc+/?+y=rr. 
and max P, = sin3 
can be easily established by 
sinxsin ysinzdsin3 (x+ ,+ z), x, Y, z E co, nl. 
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In order to establish max Pi, i = 3,4, 5, we only need inequality (12) in 
the following arguments. 
P, = [sin1/2 a sin1’2 j?]‘sin 3 
d sin2 
a+p. y 
=2,~~~~~~3~~-~os*~~l.3,3J2 
,2[~(fcos24)+~(1-cos2;)]3f2=2~. (33) 
The first sign of equality holds in (33) if and only if 
LY = /I = (7I - y)/2. 
The second sign of equality holds in (33) if and only if 
(34) 
1 
cos2i!= 2 1 -cos’21 2 
1 
z or cosy=-. 3 (35) 
From (33)-(35) itfollows that the maximum 
max P, = 2 a 
is attained at CI = fi = [n - cos ~ ‘(l/3)1/2, y = cos ~ ‘(l/3). 
p, = 
I 
Sin’/’ 4 sin’j2 g 1 2 sin y x+B Qsin2- 
4 
sin y 
> 
sin y 
=sin3(1-sin~)3’2(I+sin3)11 
Q(l+k)-(l+k)x] 
112 
3 (2( 1+ x)yj 1 
+k)-(1 +k)x)+;(l +x) 1 
3 
&(2+k)3 -F(k) 
=36k(l+k)3’2- ’ (36) 
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where x = sin(y/2) and k > 0 is to be determined. The first sign of equality 
holds in (36) if and only if (34) holds. 
The second sign of inequality holds in (36) if and only if 
kx=;[(l+k)-(I-k)x]=2(l+r) 
or 
2 2(k+ 1) 
X=k-2= Sk+2 ’ 
From (37) it follows that 
k2--k-4=0, k > 0, 
so, 
k=3+&3. 
From (36)-(38) itfollows that the maximum 
is attained at 
a=~=cos %$3-- lW1, v=cos-‘[(2+fi)/9]. 
p, = 
L 
sin’12 t sinIf $ 
1 
’ sin i 
< sin2 “+p sin ?f \ 
8 2 
= -f+f[(;~+(q&)“*]=Gip), 
(37) 
(38) 
(39) 
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where y = (1 + sin(y/2))/2 and 0 < p < 1 is to be determined. The first sign 
of equality holds in (39) if and only if (34) holds. 
The second sign of equality holds in (39) if and only if 
J’ _ PY3j2 
3 2 
and 
or 
From (40), it follows that 
3p2+8p-8=0, O<p<l; 
so 
(40) 
P= 
2$0-4 
3 (41) 
From (39)-(41), a straightforward manipulation yields 
is attained at 
cx=~=cos -‘[(2@-2)9], y=2sin-‘[(2Ji-2)/9]. 
Remark. We use the simple AG inequality in (33) and (36) while we 
use the reverse AG inequality in (39). 
Remark. In [17], K. P. Williams employed more than two pages to 
solve P, by applying heavily involved analysis of the theory of equations, 
while he did not solve P, except to provide the answer. 
5.2. There have been many other geometric inequalities involving 
trigonometric functions (e.g., see Bottema et al. [4], Niven [6], Kooistra 
[7], Marshall and Olkin [9], and Mitrinovic et al. [ 111) can be easily 
established by means of the LC and/or RLC properties of trigonometric 
functions found above. As a further demonstration, Theorem 1 (in associa- 
tion with (15)) provides the inequality 
(42) 
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for x, y, z E [0, 7c/4], while the sign of inequality in (42) is reversed for 
x, y, z E [7c/4, 7r/2). Consequently, for c( + b + y = rr, we readily have 
tan ci tan j tan y 3 3 fi (43) 
and 
tan r tan B tan 41 < 319. 
2 2 2‘ (44) 
(See the proofs of (43) and (44) given in Niven [ll, pp. 103,26X] for a 
comparison.) 
5.3. Concerning bilinear rational functions. Theorem 1 in associa- 
tion with (21) and (22) (for f(x, y) given in (23) to be nonnegative) 
provides the LC inequality 
which is an extension of the inequality (with equal weights) 
(45) 
(46) 
There have been many established inequalities n the literature (e.g., see 
Marshall and Olkin [9], Mitrinovic [lo], and Wang [1416]) which are 
special cases of (46). As a demonstration, we cite live inequalities from 
Wang [16, p. 2911 as 
1 +x. n* 1 -x. l+x- > y-1 n I >(n+l)“, n-$>(H-l)n, n2, J 1 -xj ( > n--l ’ 
where x,, . . . . x,>O and xx,= 1; 
As can be readily verified, these five inequalities arespecial cases of (46). 
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5.4. Concerning the gamma function. Theorem 1 in association 
with (25) yields the inequality 
jJJl rx'(xj) 3 f"(An(x)) 
which is an extension of the inequality 
(47) 
(‘48) 
Remark. Inequality (48) was established in Marshall and Olkin [9, 
p. 751 and MitrinoviC [ 10, p. 2851, respectively. 
5.5. Concerning the beta function of several variables (i.e., more 
than or equal to two variables). Theorem 2 in association with (29) 
provides the LC inequality 
B(An(X)) d (?!I, B”l(x,))“‘. (49) 
Now, setting m = n, xi E R”, , Xl = (y,, y,, “‘> Y,,), x2 = b2, y3, . ..> Y,), ...> 
x,=(y,,, y,,..., ynPI), and c(,=t12= ... =a,, in (49), we have the 
inequality, 
B(Y 1 > ...> y,)>B io;lf ... +Y.),....~(Y,+ . ..+y.-,) . (50) 
Remark. For n = 2, the inequality (50) is the problem 4.24.3 given on 
page 69 of B. C. Carlson [S]. 
As a further application ofthe LC property of the beta function B(r, s), 
we establish t e strict oncavity of log L(r, s) as follows, where 
L(r, s) = [BP’(r, s) G;- ‘G; ‘1” (51) 
with 
G;=n;=,x/, G;=+(l -x,),O<x,< 1. (52) 
Very recently, S.Y. Trimble, Jim Wells, and F. T. Wright [ 131 adopted 
an approach involving the reciprocals of a class of Laplace transforms to
be superadditive and the assumption that G, + G, < 1 so as to ensure the 
strict oncavity of log L(r, s) for the purpose of establishing theuniqueness 
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of the maximum likelihood estimates of the parameters in the beta 
distribution. 
As we known from Theorem 7, the strict concavity of log L,(r, s)is 
equivalent to the function L(r, S) being RLC. Since BP ‘(r, s) is RLC 
(by Theorem 3), and G;-‘G;-’ is RLC (by4.1), L(r,s) is RLC (by 
Theorem 4). The proof of strict oncavity is thus complete without using 
G, + G2 < 1 and the superadditivity of any function. 
6. CONCLUDING REMARKS 
It is apparent hat the LC properties ofthe gamma functions, the beta 
functions, and the functions produced by the Laplace transformation of 
certain nonnegative functions can also be established by use of a Holder 
inequality directly. On the other hand, as the sequence of applications 
above demonstrated, the applications of Theorems 1 and 2 are very 
promising (e.g., see AczCl [ 1 ] also). 
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